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1. Introductory Preliminaries
(elementary cellular automaton $(ECA)$ ) , $\{0,1\}$ $g:\{0,1\}^{3}arrow\{0,1\}$
$(\{0,1\},g)$ , ECA $g$ . $g$ local transition function .
alocal transition function9: $\{0,1\}^{3}arrow\{0,1\}$ , $\mathcal{A}\equiv\{0,1\}^{\mathbb{Z}}$ $A$ 9
$x\in A$, $(g(x))_{i}=g(xxx)$
. $g$ global transition function .
$A$ $d$ .
$d(x,y)= \sum_{i\approx-\infty}^{\infty}\frac{|x_{1}-y_{1}|}{2^{|i|}}$ , $x,y\in A$,
$(A,g)$ .
$A$ $nf$ uration , configuration $x\in A$ .
$\{g^{t}(x)\}_{t\approx 1}^{\infty}$ .




. 40 168 local transition function $g_{40}$ ,g168 .
$S_{k}=$ { $(0,1_{m_{1}})_{1=-\infty}^{\infty}|m_{1}=1$ or 2or $\cdots$ or $k$ , $i\in Z$ } $\subset A$, $k=1,2,3,$ $\cdots$ ,
,
$\forall x\in A\backslash S_{2}$ , $\lim_{tarrow\infty}g_{40}^{t}(x)=0$ ,
$\forall x\in S_{2}$ , $g_{40}(x)=\sigma_{L}(x)$ ,
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[13] . $\sigma_{L}$ , left-shift transformation .




$g_{168}$ spreading rate .
Notations
(1) $x\in \mathcal{A}$ ,
$x:i\equiv(x:, \cdots,x_{j})$ $(i\leq j)$ ,
$x_{arrow,i}\equiv(\cdots x_{\dot{\iota}-1},x_{i})$ ,
$x_{j,arrow}\equiv(x_{j},x_{j+1}, \cdots)$ .
(2) $\alpha_{i}\in\{0,1\}^{n}:,$ $\beta_{i}\in\{0,1\}^{m_{i}},$ $n;\geq 1,$ $m:\geq 1,$ $i\in Z$ , . .
$(\alpha:,\beta_{i})_{1=-\infty}^{+\infty}=$ (. .. $\alpha_{1}^{-1},$ $\cdots\alpha_{n-1}^{-1},\beta_{1}^{-1},$ $\cdot$ . . $\beta_{m-1}^{-1},\alpha_{1}^{0},$ $\cdot$ .. $\alpha_{n_{0}}^{0},\beta_{1}^{0},$ $\cdot$ . . $\beta_{mo}^{0}$ ,
$\alpha_{1}^{1},$ $\cdots\alpha_{n_{1}}^{1},\beta_{1}^{1},$ $\cdots\beta_{m\iota}^{1},$ $\cdots$ ),
, $\alpha_{i}=(\alpha:, \cdots\alpha_{n_{l}}^{1}),$ $\beta_{:}=(\beta\dot{i}\cdots\beta_{m_{*}}^{1}.),$ $i\in Z$ .
(3) $0$ . , .







2. Spreading Rate and Lyapunov Exponent
Shereshevsky[14] , ECA $g$ $x\in \mathcal{A}$ Lyapunov exponent .
$s\in Z$
$W_{l}^{+}(x)\equiv\{y\in \mathcal{A}|\forall i\geq s, y_{i}=x_{*}\}$ , $W_{l}^{-}(x)\equiv\{y\in A|\forall i\leq s, y:=x:\}$ ,
A$t+(x) \cong\min\{s|g^{t}(W_{0}^{+}(x))\subset W_{l}^{+}(g^{t}(x))\}$ , $\Lambda_{t}^{+}(x)\equiv\max_{j\in Z}\{\overline{\Lambda}_{t}^{+}(j_{L^{X}})\}$ ,
$\overline{\Lambda}_{t}^{-}(x)\equiv$ max $\{s|g^{t}(W_{0}^{-}(x))\subset W_{*}^{-}(g^{t}(x))\}$ , $\Lambda_{t}^{-}(x)\equiv\min_{j\in Z}\{\overline{\Lambda}_{t}^{-}(\sigma_{L}^{j}x)\}$ ,
. , $\dot{d}_{L}=\sigma_{R}^{-j}$ for $j<0$ , $\sigma_{R}$ right-shift transformation .
$\lim_{tarrow\infty}\frac{\Lambda_{t}^{+}(x)}{t}$ , $\lim_{tarrow\infty}\frac{\Lambda_{t}^{-}(x)}{t}$
, $x$ Lyapunov exponent .
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$x,$ $y\in A$
$DFR(x, y) \equiv\sup\{i|x_{i}\neq y_{i}\}$ , $DFL(x, y) \equiv\inf${ $i$ I $x_{i}\neq y_{i}$ },
. Lemma , spreading rate Lyapunov exponent .
Lemma 2.1 ECA $g$ , conflguration $x\in A$ $t\in N+$ , .
(1) max $DFR(g^{t}(x),g^{t}(y))= \min\{s|g^{t}(W_{0}^{+}(x))\subset W_{l}^{+}(g^{t}(x))\}-1$ ,
$y\epsilon w_{0(X)}^{+}$
(2) $\min$ $DFL(g^{t}(x),g^{\ell}(y))= \max\{s|g^{t}(W_{0}^{-}(x))\subset W_{\epsilon}^{-}(g^{t}(x))\}+1$ .
$y\in W_{0}^{-}(X)$
$Ilachinski[5]$ , spreading rate . , $n_{j}$ : $\mathcal{A}arrow A(j\in Z)$
.
$x\in A$ , $(n_{j}(x))_{i}=\{\begin{array}{ll}x:, i\neq j,\overline{x_{i}}, i=j.\end{array}$
$n_{j}$ , configuration $x$ $i$ . ECA $g$ ,
$\Gamma_{t}^{+}(x)\equiv maxj\in Z\{DFR(g^{t}(x),g^{t}(n_{j}(x))-j\},$ $\Gamma_{t}^{-}(x)\equiv\min_{j\in \mathbb{Z}}\{DFL(g^{t}(x),g^{t}(n_{j}(x))-j\}$
,
$\gamma^{+}(x)=\lim_{tarrow\infty}\Gamma_{t}^{+}(x)/t$ , $\gamma^{-}(x)=\lim_{tarrow\infty}\Gamma_{t}^{-}(x)/t$
, $x$ left spreading rate .
Theorem 2.2 ECA $g$ , $x\in A$ $t\in N+$ .
(1) $\Lambda_{t}^{+}(x)=\max\max_{\in j\in z_{yw_{j}^{+}(x)}}\{DFR(g^{t}(x),g^{t}(y))-j\}+1$ , $\Gamma_{t}^{+}(x)\leq\Lambda_{t}^{+}(x)$ .
(2) $\Lambda_{t}^{-}(x)=\min$ min $\{DFR(g^{t}(x),g^{t}(y))-j\}-1$ , $\Lambda_{t}^{-}(x)\leq\Gamma_{t}^{-}(x)$ .
$j\in zy\in W_{f}^{-}(x)$
spreading rate Lyapunov exponent , ECA left most permutive
right moet permutive [12].
3. $A$ $g_{168}$
$g_{168}$ , Lemma .
Lemma 3.1 $x\in A,$ $x:=x_{\iota+1}=0$ ,
$(g_{168}(x))_{t,:+1}=(0,0)$
. configuration $(0,0)$ , . ,




Lemma 3.2 (1) $x=(\cdots 0,00,1_{m_{1}},0,1_{m_{3}},0,1_{m_{3}}\vee,, \cdots)$ . $(0,0)$ site
$-1$ , $0$ , . ,
$g_{168}^{m_{1}}(x)$ $=$
$(\cdots -1010,0,0,0,1_{m_{2}},0,1_{m_{S}}, \cdots)$ ,
$g_{168}^{m_{1}+\cdots+m_{\hslash}}(x)$ $=$ $(\cdots,0,0,0, \cdots,0,0,1_{m_{\mathfrak{n}+\iota}}, \cdots)-10\sim_{n}$
(2) $x=(\cdots-100,0,0,1_{m_{1}},0,1_{m_{2}}, \cdots 0,1_{m_{n}},0)$ ,
$-10$ 1
$g_{168}^{m_{1}}(x)$ $=$ $(\cdots\vee 0,0,0,0,1_{m},, \cdots 0,1_{m_{n}},0)$ ,
$g_{168}^{m\iota+\cdots+m}’(x)$ $=$
$(\cdots’-\vee\vee 100,0,0, \cdots,0,0)\vee \mathfrak{n}$ ’
$(g_{168}^{t}(x))_{-1,arrow}$ $=$ $0$ , $\forall t\geq m_{1}+\cdots+m_{m}$ .
$\vee-10$
(3) $x=(\cdots, 0,0,0,1_{m_{1}},0,1_{m_{2}}, \cdots 0,1_{m_{\hslash}}, 0,1)$ ,
$g_{168}^{m_{1}}(x)$ $=$
$(\cdots’-1010,0,0,0,1_{m_{l}}, \cdots 0,1_{m_{n}},0,1)$ ,




$\forall t\geq m_{1}+\cdots+m_{m}$ .
(4) $x=(\cdots\vee^{\vee}\vee 0,0, \cdots,00, \cdots)0i$ ,
$\geq 2$
$g(x)$ $=$
$(\cdots\vee-10\vee 0,0,0, \cdots 0,0, \cdots)\vee i$
$g^{t}(x)$ $=$
$(\cdots-*0,0, \cdots 0,0,0\vee 0\ldots 0,0\cdot\cdot)\vee,\cdot$ , $\forall t\geq 1$ .
Lemmas , $g_{168}$ .
Theorem 3.3 (1) $x\in S_{k}(k\in N)$ , $g_{168}(x)=\sigma_{L}(x)$ .
(2) $x\in A\backslash S_{\infty}$ ,
(2-i) $x$ 0-8tate 8ite , $\in Z,$ $x_{1,arrow}=1$ ,
$\forall t\geq 1,$ $g_{168}^{t}(x)\neq 1$ , $\lim_{arrow\infty}g_{168}^{t}(x)=1$ .
(2-ii) $x=1$ $gl_{68}(1)=1$ ,
$\forall t\geq 1,$ $g_{168}^{t}(1)=1$ .





$(g_{168},S_{k})$ $(g_{168},\mathcal{A})$ asub-dynamical system , aleft-shift dynamical sy8tem .
. , 40 $S_{2}$ Devanay chaoe [14]
.
$Th\infty rem3.4$ $k\geq 2$ , $(g_{168},S_{k})$ $De’\vee anaychaos$ .
.
Theorem 3.6 (1) $(g_{168},S_{2})$ , , 4, 6, .
(2) $(g_{168},S_{3})$ , . 4, .
(3) $(g_{168},S_{k})(k\geq 4)$ , .
(4) $(k\geq 4)$ $k$ . $(g_{168},S_{k}\cup\{0\})$ $(g_{168},S_{k}\cup\{0\})$ .
Remark (1) 168 224 , .
(2) $(g_{168},S_{2})$ $(g_{40},S_{2})$ .
4. Spreading Rate of Rule 168
$x\in S_{\infty}$
$x=(\cdots , \vee 1,0,1_{m_{1}},0,1_{m_{2}},0,1_{m},,00 )$
.
$n_{0}(x)=(\cdots ,\vee 0,0,1_{m_{1}},0,1_{ma},0,1_{m_{\theta}},00 )$
, $x$ $n_{0}\Leftarrow$) right most different 8ite number .
$\vee 1$ a
$g^{m_{1}}(x)$ $=$ $(\cdots 1,0,1_{m_{1}},0,1_{m_{2}},0,1_{m},, 0, \cdots)$ ,
$g^{m_{1}+1}(x)$ $=$
$(\cdots 1,0,1_{m_{1}\prime}0,1,1_{m’-1},0,1_{m_{l}},0, \cdots)012\vee\vee$ ,
$g^{m_{1}}(n_{0}(x))$ $=$
$(\cdots\vee,\vee,\vee 000,1_{m_{Z}},0,1_{m_{\theta}},0, \cdots)012$ ,
$g^{m_{1}+1}(n_{0}(\varpi))$ $=$
$(\cdots\vee, \vee, \vee 000,1_{m_{2}-1},0,1_{ma},0, \cdots)012$ ,
.
$1\leq t\leq m_{1}$ , Diff$(g^{t}(x),g^{t}(n_{0}(x))=1$ ,
$m_{1}+1\leq t\leq m_{1}+m_{2}$ , $Diff(g^{t}(x),g^{t}(n_{0}(x))=2$,
$m_{1}+m_{2}+1\leq t\leq m_{1}+m_{2}+ms$ Diff$(g^{t}(x),g^{t}(n_{0}(x))=3$ ,
,
$m_{1}+\cdots+m_{n}+1\leq t\leq m_{1}+\cdots+m_{n}+m_{\mathfrak{n}+1}$ Diff$(g^{t}(g),g^{t}(n_{0}(x))=n$ ,
99




, right spreading rate . , $x0,arrow$ $(0,1_{k},0)$
right spreading rate . $(0,1_{k},O)(x_{0,j})$ $x_{0,j}$ $(0,1_{k},0)$ ,
$\lim_{j}$
$\frac{\sum_{n=1}^{\infty}(0,1_{n},0)(x_{0,j})}{\sum_{n=1}^{\infty}n\cdot(0,1_{n},0)(x_{0,j})}$




right sPreading rate $h$ ,
$\lim_{jarrow\infty}\frac{\sum_{n--1}^{k}(0,1_{\mathfrak{n}},0)(x_{0,j})}{\sum_{n=1}^{k}n\cdot(0,1_{\mathfrak{n}},0)(x_{0,j})}=\lim_{jarrow\infty}\frac{\sum_{n=1}^{k}\frac{(0,1_{n},0)(x_{0,j})}{j}}{\sum_{n-1}^{k}n\cdot\frac{(0,1_{n},0)(x_{0,j})}{j}}$
. . $x_{0,arrow}$ $(0,1_{n}, 0)$ , right spreading rate
.
$x\in S_{k}$ , $x_{0,\wedge}$ .
$S_{k}^{+}\equiv\{x_{0,arrow}|x\in S_{k}\}$
. $(S_{k}^{+}, \sigma_{L})$ . dynamical sy8tem . $([0,1], f)$
, $f$ .
$\Psi$ : $[0,1]arrow S_{k}^{+}$ .
$x\in[0,1]$ , $(\Psi(x))_{i}=\{\begin{array}{ll}0, f^{:}(x)\in\tilde{0},1, f^{i}(x)\in\overline{1},\end{array}$
.
$[0,1]$ $l$ , $([0,1], f)$ , ergodic .
$l$ $\Psi$ induce , $(S_{k}^{+}, \sigma_{L})$ ergodic . ergodic
, $([0,1], f, l)$ .







$\frac{\sum_{i=0}^{j}(0,1_{n},0)(f^{i}(x),f^{i+1}(x),\cdots,f^{i+n+1}(x))}{j}arrow E[(0,1_{n},0)(\cdot, f^{1}(\cdot), \cdots f^{n+1}(\cdot))]$ , $l-a.s$ .
.
$\bm{E}[(0,1_{n},0)(\cdot,f^{1}(\cdot), \cdots f^{\mathfrak{n}+1}(\cdot))]=\alpha_{k-n}$




$\sum_{:=1j}^{k}\sum_{=1}^{i}\alpha_{j}+\sum_{j\approx 1}^{k}\alpha_{j}=1$ , $\alpha_{j}>0,1\leq j\leq k$ .
.
$\frac{1}{k}<\frac{\sum_{i=1}^{k}\alpha_{i}}{\sum_{1=1}^{k}(k-i+1)\cdot\alpha_{1}}=\frac{\sum_{1=1}^{k}\alpha_{1}}{1-\sum 1=1\alpha_{1}k}$ 1.
, spreading rate .




4.1 168 , $0$ 1 right
spreading rate configuration .
5 Concluding $R\epsilon marks$
168 right spreading rate(Lyapunov exponent) ,
. ,
40 , Wolfram class I . 40 .
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